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Abstract

We consider a sequential decision problem where
the rewards are generated by a piecewise-stationary
distribution. However, the different reward distri-
butions are unknown and may change at unknown
instants. Our approach uses a limited number of
side observations on past rewards, but does not re-
quire prior knowledge of the frequency of changes.
In spite of the adversarial nature of the reward pro-
cess, we provide an algorithm whose regret, with
respect to the baseline with perfect knowledge of
the distributions and the changes, is O(klog(T)),
where k is the number of changes up to time 7.
This is in contrast to the case where side observa-
tions are not available, and where the regret is at
least (/7). We also show that our bound is tight
for a natural class of algorithms. An earlier version
of this work appears in [YMO09].

1 Introduction

In stochastic multi-armed bandit problem [LR85], rewards
have fixed distributions, but the agent obtains feedback only
for the chosen arms. In adversarial expert problems [LW94],
rewards are arbitrary individual sequences, but the agent ob-
tains feedback on every expert’s performance. In these prob-
lems, feedback have distinct roles. For the bandit problem,
feedback is used to provide confidence bounds on the arm re-
wards. For the expert problem, feedback is used to compute
a Hannan-consistent policy.

We consider a bandit model that combines aspects from
both the stochastic bandit and adversarial expert problem.
The reward process of the arms is non-stationary on the whole,
but stationary on intervals. This piecewise-stationary reward
process is similar to that of the non-stationary bandit prob-
lem of [HGB™06, GMOS8], or that of the multiple change-
point detection problem of [AkaO8]. In our variant of the
bandit problem, the feedback is not as limited as the stochas-
tic bandit problem, nor as extensive as the adversarial expert
problem: we give the agent the benefit of querying and ob-
serving some of the past outcomes of arms that have not been
picked. In our setting, the feedback serves both the purpose
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of detecting changes in reward distribution and of computing
confidence bounds. By assiging negative rewards as query
costs, it is also possible to quantify the optimize the desired
amount of feedback. The following examples motivate our
model.

Example 1.1 (Investment options) Consider the problem of
choosing every day one of n investment options, say mutual
funds. Our model assumes that the outcomes of these invest-
ments undergo changes reflecting changes in market con-
ditions. Otherwise, the outcomes remains stationary over
the periods between two changes, e.g., they follow bearish
or bullish trends. Suppose that the outcomes of the previ-
ous day’s investment options are revealed today, e.g., in the
newspaper. Suppose that observing the outcome of each op-
tion requires a query (looking up a price history), which in-
cur a querying cost. By limiting the number of queries al-
lowed at each step, we can model the trade-off between the
cost of observations and the regret due to insufficient obser-
vations.

Example 1.2 (Dynamic pricing with feedback) As a second
example, we consider a vendor whose task is to sell commod-
ity X. Potential customers arrive sequentially, one after the
other, and the demand for commodity X (for various prices)
is modelled as a stationary process that may nonetheless
change abruptly at unknown instants. To each customer, the
vendor offers one of n possible prices. If the customer ac-
cepts, a corresponding profit is made. Bargaining is not an
option, but after each transaction, the vendor has the leisure
to ask the customer if the outcome would have been differ-
ent had a different price been offered (e.g., through a short
survey). A partial goal is to achieve as much profit as if
the distribution of the demand were known at all times (even
though unknown changes occur at unknown instants). A sec-
ond goal is to minimize the cost associated with conducting
surveys for feedback. A similar problem of dynamic pricing
with partial-monitoring is also described in [CBL0O6].

2 Setting

We consider the following sequential decision problem. Let
{A4,..., A, } denote the n arms of a multi-armed bandit—
or n experts of an online learning problem. Let by, bs, . .. be
a sequence of reward vectors in R™. The element b,(7) of
by, fori =1,...,nandt = 1,2,..., represents the reward



associated with the i-th arm A; at time ¢. With an abuse of
notation, we shall write b;(A;) interchangeably with b ().
We assume that the rewards take values in the unit interval
[0,1], i.e., by () € [0, 1] for all ¢ and ¢.

2.1 Reward Process

In our model, the source of rewards is piecewise-stationary:
i.e., it changes its distribution arbitrarily and at arbitrary time
instants, but otherwise remains stationary. The reward pro-
cess b1, bs, ... is an independent sequence of random vari-
ables that undergoes abrupt changes in distribution at un-
known time instants v, v, . .
By convention, we let ; = 1. Let f; denote the distribution
(probability density function) of b,. Hence, b,,,...,b,,_1
are i.i.d. with common distribution f,, as is the case for

stochastic learning problems (cf. [LR85]). Likewise, b,,j , b,,j+1, ..

are i.i.d. with distribution f,, for j = 1,2, .... The intervals
are illustrated as follows:
bi,boy .y byy 1,00yl 1, by by 1

distribution f,, distribution f,., distribution fl'j

Similarly to adversarial learning problems (cf. [CBL06]),
both the change-points v/1, 19, . .
are unknown. We can think of an opponent deciding the time
instants (and frequency) of the changes, as well as the distri-
bution after each change.

Remark 1 It is important that the changes occur at arbi-
trary instants. Otherwise, we only need to reset an algo-
rithm for the multi-armed bandit problem at the appropriate
instants.

The model of piecewise-stationary rewards combines two
important models. If there are no changes, then we recover
the stochastic source of the multi-armed bandit problem. If
there is no constraint on the number of changes, we obtain
the source of rewards adopted by the oblivious adversarial
model of prediction with expert advice. We consider the
interesting case where the frequency of changes is between
these two extremes, i.e., where the number of change-points

T—1
E=k(T) 2 1izp
t=1

up to time 7 increases with T". To simplify notation, we shall
simply write k in place of k(7).

2.2 Decision-maker

Ateach time step ¢t > 1, the agent picks anarm a; € {Ay, ..
and makes ¢ (where 1 < ¢ < n) observations on the individ-
val arm-rewards b;_1(1),...,b;—1(n) of the previous step.
This is captured in the following assumption.

Assumption 2.1 (Partial observation) At time 1, the agent
chooses an action a1 and an (-subset Sy of the arms { Ay, . .
At every time step t > 1, the agent chooses (deterministi-
cally) an 0-subset Sy and takes an action ay that is a function
of the reward observations

{b;@) 1j=1,...,t—1, A, €8}
Partial observation allows us to capture querying costs

associated with observations, and to quantify the total query
budget.

., which are called change-points.

. and the distributions f,, , fu,,. .

LA

2.3 Notion of Regret

At each time instant ¢, the agent chooses and activates an
arm a; € {Ay,...,A,} and receives the corresponding re-
ward b;(a;). Let §8; denote the mean of the reward vector b;.
The agent’s baseline—or objective—is the reward accumu-
lated by picking at each instant ¢ an arm with the maximal
expected reward. Letting k denote the number of changes in
reward distribution up to time 7', the baseline is

T
> Elbi(o0)],

max
,...,or : k changes

T

Z max (i) =
i=1,...,n o1

t=1

where the maximum is taken over sequences of arms with
only as many changes as change-points in the reward se-

qubence by,...,br, i.e., over the set
-1
{o1,...;or |0y, =...=0y,,, 1 forj=1,... k}

Despite the appearance, this objective is reasonable when the
number of changes k is small; it is also the same objective
as in the classical stochastic multi-armed bandit problems.
Hence, for a given reward process by, ba, . . ., we define the

expected regret of the agent at time 7" as

T T
Rp 237 max Bi()— Y Elbi(ar)l, (1)
=1 " =

where the expectation [E is taken with respect to the sequence
bi,ba,. ...

3 Related Works

In this section, we survey results concerning related mod-
els. The different models are distinguished by the source of
the reward process, the observability of the rewards, and the
baseline for the notion of regret.

3.1 Stochastic Multi-armed Bandit

In stochastic multi-armed bandit problems [LR85, ACBF02],
the reward sequence bq,bs, ... is a sequence of i.i.d. ran-
dom vectors from a common unknown distribution 3; =
B2 = .... The reward observations are limited to rewards
b1(ay),ba(as), ... corresponding to the arms chosen by the
agent. This invites the agent to trade-off exploring the dif-
ferent arms to estimate their distributions and exploiting the
arms with the highest empirical reward. The notion of re-
gret is the same as ours (1). However, the optimal reward of

-, An} the baseline can be obtained by a single fixed arm. In such

problems, a number of algorithms, e.g., [LR85, ACBF02,
KS06], achieve the optimal expected regret of the order of
O(nlog(T)/A%), where A denotes the difference in mean
between the best and second-best arms.

3.2 Adversarial Expert Problem

Many learning problems take the adversarial setting, e.g.,
prediction with expert advice, etc.—see [CBL06] for a com-
prehensive review. The sequence of rewards achieved by the
experts is arbitrary; i.e., no assumption is made regarding
the joint distribution of by, bo, . . .. This approach essentially
makes provisions for the worst-case sequence of reward. At
time ¢, the past reward vectors by, ...,b;_1 are observable



by the agent. In this case, the notion of adversarial regret
is adopted, whose baseline is the reward accumulated by the

best fixed expert, i.e., max;=1,__n 23:1 bt(z) For every se-
quence by, ba, . . ., the (expected) adversarial regret

T T
x| > bi(i) = > Elbi(ar)]

is of the order of O(
tailed account. A bound of O(

T log(n))—see [CBLO6] for a de-
Tnlog(n)) holds when the

observations are limited to the chosen arms: by (ay), b2(az), . . .

[ACBFS02].

The baseline in the adversarial case is limited to a single
fixed expert, whereas our baseline in (1) is the optimal ex-
pected reward. Our baseline, which contains as many switches
as changes in distribution, is similar to the baseline defined
by appropriately chosen shifting policies in [HW98]. The
fixed-share algorithm or one of its variants [HW98, ACBFS02]
can be applied to our setting, if the number of changes k

is given in advance, yielding a regret of O(y/nkT log(T))

[Aue02]. We present an algorithm with a regret of O(nk log(T))

without prior knowledge of k. It should be noted that when &
is of the same order as 7, it is hopeless to minimize the regret
of (1): consider an adversary that picks the new distribution
after each change-point.

3.3 Non-stationary Bandits

Our problem is reminiscent of the non-stationary bandit prob-
lem of [HGB™06, GMO08]. The reward process and the no-
tion of regret are similarly defined, as in Section 2. However,
in those works, observation of the past rewards is limited to
the chosen arms; hence, at time ¢, the agent’s choice a; is
a function of b1 (ay),b2(az),.... Using a statistical change
detection test, Hartland ef al. present a partial solution for
instances where the best arm is not superseded by another
arm following a change. In the event that an oracle reveals a-
priori the number of changes k up to time 7', Garivier and
Moulines provide upper-confidence bound algorithms that

achieve a regret of O(nvkT log(T)/A?), and show a lower-

bound of Q(v/T) for the regret.

With respect to the above non-stationary bandit model,
the distinguishing feature of our model is that, in addition to
activating an arm at each time instant, the agent may query
the current reward of one or more arms. We show that with T’
queries in total, the regret is bounded by O(nk log(T)/A?).
Hence, queries reduce significantly the regret with respect to
the results of [GMOS].

4 Multi-armed Bandits with Queries

In this section, we present an algorithm for our setting and
provide its performance guarantee. We begin with two as-
sumptions. We shall use as a component of our solution a
typical multi-armed bandit algorithm described in the first
assumption. The second assumption describes a limitation
of our algorithm.

Assumption 4.1 (MAB algorithm for k£ = 1) Consider a multi-

armed bandit where there are no distribution changes (ex-
cept at time 1). Let the i.i.d. reward sequence by, ba, . .. have

mean (3. Let A;a) and A,z denote, respectively, the arm
with the highest and second-highest mean. Let A denote
their mean difference: A = (i) —p(i?). Let A be an al-
gorithm that guarantees a regret of at most Cnlog(T) /A2,
for some constant C. At each step t > 1, algorithm A re-
ceives as input the reward by_1(a;—1) obtained in the pre-
vious step, and outputs a new arm choice a;. Examples of
candidate algorithms include those of [LR8S5, ACBFO02].

In this paper, we are concerned with detecting abrupt
changes bounded from below by some threshold; we exclude
infinitesimal changes in the following assumption.

Assumption 4.2 Recall that (3, (i) and 3, , (i) denote the
pre-change and post-change means of the arm A; at the change-
point vjy1. There exists a known value ¢ > 0 such that,
for each j = 1,2,..., there exists an arm A; such that

‘/BVJ' (Z) - /Buj+1 (Z)| > 2e.
4.1 The WMD Algorithm

Our algorithm (Table 1) detects changes in the mean of a
process, in the spirit of statistical methods for detecting an
abrupt change of distribution in an otherwise i.i.d. sequence
of random variables (see [LaiOl] for a survey). The algo-
rithm partitions the time horizon into intervals of equal length
7. Hence, for m = 1,2, ..., the m-th interval is comprised
of the time instants (m — 1)7 + 1,(m — 1)7 + 2,...,m7.
The algorithm computes iteratively empirical mean vectors

b1, b2, ... over intervals (windows) of length 7, in the fol-

lowing fashion:

b17b27"’>b7‘>b7‘+1>"‘7b27’7" '7b('m,—1)7'+17"‘7bm7"
by by Bon

The algorithm follows a multi-armed bandit algorithm A with
aregret guarantee in the absence of changes (Assumption 4.1).
When it detects a mean shift with respect to a threshold given
by Assumption 4.2, it reset the sub-algorithm A.

4.2 WMD Regret

The following theorem bounds the expected regret of the
WMD algorithm. The proof appears in [YMO9].

Theorem 1 (WMD regret) Suppose that Assumption 2.1 holds.
Suppose that the agent employs the WMD algorithm with a
sub-algorithm satisfying Assumption 4.1, a threshold ¢ sat-

isfying Assumption 4.2, and intervals of length 7 = |7 ] -

Llogg )J. Then, for every sequence of change-points vy, Vs, . . .

and every choice of post-change distributions f,,, fu,, ...
the expected regret is bounded as follows:

7 kn C 6C ,
e log(T) + Eknlog(T) + e (2)

where C'is the constant of Assumption 4.1.

Ry <

Remark 2 The WMD algorithm does not require prior knowl-
edge of the number of distribution changes k.

Remark 3 (Query-regret trade-off) The bound of Theorem 1
indicates a way to trade-off the number of queries { per step
and the expected regret per step. Suppose that an increasing



Input: interval length 7 > 0, threshold ¢ > 0, and ¢
queries per step. Initialize r := 1.
At each step t:

1. (Follow A.) Follow the action of an algorithm A4
satisfying Assumption 4.1.

2. (Querying policy.) If t belongs to the m-th in-
terval except its first step, i.e., if ¢ € [(m —
71+ 2,...,m7], let 3;_1(i) denote the number
of queries arm A; has received since the start of
the m-th interval until step ¢ — 1. Order the arms
{Ay,..., A} according to X;_1(1),...,X;_1(n).
Query the set S; of arms that received the fewest
queries. Update the following elements of the em-

pirical mean b,,,:

~ 81 (i) b (i) 4 b1 (4)
b (1) := SENOES] =,

for every i € S;.

3. (Detect change.) At the start of the m-th interval,
Le,ift = (m—1)7 + 1 forsomem = 3,4,.... If
Hbm —b, HOO > €, reset (i.e., re-instantiate) algorithm
A and set » := m. The index r denotes the last
interval at which the algorithm .4 was reset.

Algorithm 1: Windowed mean-shift detection (WMD) algo-
rithm

Sfunction Cq assigns a cost, in the same unit as the rewards
and the regret, to the rate of queries . The correspond-
ing new objective thus becomes the sum of two components:
query cost and regret. This overall expected cost-per-step
at time T is Cq(¢) + Ry /T. With the implicit assumption
that the bound (2) is tight in the duration T, the number of
changes k, and the query rate {, this cost can be optimized
with respect to L. If each query is assigned a constant cost
g 1.6, Cq(€) = ¢y - ¥, then the (non-discrete) optimal query
rate is 0* = /(Tkn/Cq)log(T)/T. This is the type of op-
timization problem that has to be resolved in Example 1.2.

Remark 4 The WMD algorithm uses a very simple scheme
to detect changes in the mean. In its place, we may employ
more sophisticated change-detection schemes, e.g., CUSUM
[Pag54] and the Shiryayev-Roberts rule [Shi63]. Modifica-
tions are nonetheless required to make them applicable to
our problem: the reward distributions must be parametrized;
and the pre-change distribution is unknown and must be es-
timated (cf. [Mei06]). There also exist schemes that detect
changes when the reward process follows one of many Mar-
kovian processes [Fuh04], as is the case for restless bandit
problems. Despite the drawback of complexity, these schemes
detect changes with optimal delay, and do not require prior
knowledge of the parameter € of Assumption 4.2. Yet, they
also incur a regret of the order of log(T') due to an inevitable
logarithmic delay to detection [Lor71]. This provides, in our
model, a lower-bound on the regret of Q(klog(T)) for every
algorithm that detect the unknown changes and react there-
after.
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